Abstract. In previous joint work with Eli Aljadeff we attached a generic Hopf Galois extension A α H to each twisted algebra α H obtained from a Hopf algebra H by twisting its product with the help of a cocycle α. The algebra A α H is a flat deformation of α H over a "big" central subalgebra B α H and can be viewed as the noncommutative analogue of a versal torsor in the sense of Serre. After surveying the results on A α H obtained with Aljadeff, we establish three new results: we present a systematic method to construct elements of the commutative algebra B α H , we show that a certain important integrality condition is satisfied by all finite-dimensional Hopf algebras generated by grouplike and skew-primitive elements, and we compute B α H in the case where H is the Hopf algebra of a cyclic group.
Introduction
In this paper we deal with associative algebras α H obtained from a Hopf algebra H by twisting its product by a cocycle α. This class of algebras, which for simplicity we call twisted algebras, coincides with the class of so-called cleft Hopf Galois extensions of the ground field; classical Galois extensions and strongly group-graded algebras belong to this class. As has been stressed many times (see, e.g., [22] ), Hopf Galois extensions can be viewed as noncommutative analogues of principal fiber bundles (also known as G-torsors), for which the rôle of the structural group is played by a Hopf algebra. Hopf Galois extensions abound in the world of quantum groups and of noncommutative geometry. The problem of constructing systematically Hopf Galois extensions of a given algebra for a given Hopf algebra and of classifying them up to isomorphism has been addressed in a number of papers over the last fifteen years; let us mention [4, 5, 10, 12, 13, 14, 15, 16, 17, 19, 20, 21] . This list is far from being exhaustive, but gives a pretty good idea of the activity on this subject.
A new approach to this problem was recently considered in [2] ; this approach mixes commutative algebra with techniques from noncommutative algebra such as polynomial identities. In particular, in that paper Eli Aljadeff and the author attached two "universal algebras" U α H , A α H to each twisted algebra α H. The algebra U α H , which was built out of polynomial identities satisfied by α H, was the starting point of loc. cit. In the present paper we concentrate on the second algebra A α H and survey the results obtained in [2] from the point of view of this algebra. In addition, we present here two new results, namely Theorem 6.2 and Proposition 7.1, as well as a computation in Subsection 3. 3. The algebra A α H is a "generic" version of α H and can be seen as a kind of universal Hopf Galois extension. To construct A α H we introduce the generic cocycle cohomologous to the original cocycle α and we consider the commutative algebra can be viewed as the noncommutative analogue of a versal deformation space or a versal torsor in the sense of Serre (see [11, Chap. I] ). We believe that such versal deformation spaces are of interest and deserve to be computed for many Hopf Galois extensions. Even when the Hopf algebra H is a group algebra, in which case our theory simplifies drastically, not many examples have been computed (see [1, 3] for results in this case).
Our approach also leads to the emergence of new interesting questions on Hopf algebras such as Question 6.1 below. We give a positive answer to this question for a class of Hopf algebras that includes the finite-dimensional ones that are generated by grouplike and skew-primitive elements.
Finally we present a new systematic way to construct elements of the generic base space B α H . These elements are the images of certain universal noncommutative polynomials under a certain tautological map. In the language of polynomial identities, these noncommutative polynomials are central identities.
The paper is organized as follows. In Section 1 we recall the concept of a Hopf Galois extension and discuss the classification problem for such extensions. In Section 2 we define Hopf algebra cocycles and the twisted algebras α H. We construct the generic cocycle and the generic base space B α H in Section 3; we also compute B α H when H is the Hopf algebra of a cyclic group. In Section 4 we illustrate the theory with a nontrivial, still not too complicated example, namely with the four-dimensional Sweedler algebra. In Section 5 we define the generic Hopf Galois extension A α H and state its most important properties. Some results of Section 5 hold under a certain integrality condition; in Section 6 we prove that this condition is satisfied by a certain class of Hopf algebras. In Section 7 we present the above-mentioned general method to construct elements of B α H . The contents of Subsection 3.3 and of Sections 6 and 7 are new.
We consistently work over a fixed field k, over which all our constructions will be defined. As usual, unadorned tensor symbols refer to the tensor product of kvector spaces. All algebras are assumed to be associative and unital, and all algebra morphisms preserve the units. We denote the unit of an algebra A by 1 A , or simply by 1 if the context is clear. The set of algebra morphisms from an algebra A to an algebra B will be denoted by Alg(A, B).
1.
Principal fiber bundles and Hopf Galois extensions 1.1. Hopf Galois extensions. A principal fiber bundle involves a group G acting, say on the right, on a space X such that the map
is an isomorphism (in the category of spaces under consideration). Here Y represents some version of the quotient space X/G and X × Y X the fiber product.
In a purely algebraic setting, the group G is replaced by a Hopf algebra H with coproduct ∆ : H → H ⊗ H, coünit ε : H → k, and antipode S : H → H. In the sequel we shall make use of the Heyneman-Sweedler sigma notation (see [23, Sect. 1.2 ]): we write ∆(x) = (x) x (1) ⊗ x (2) for the coproduct of x ∈ H and
for the iterated coproduct
• ∆, and so on. The G-space X is replaced by an algebra A carrying the structure of an Hcomodule algebra. Recall that an algebra A is an H-comodule algebra if it has a right H-comodule structure whose coaction δ : A → A ⊗ H is an algebra morphism.
The space of coïnvariants of an H-comodule algebra A is the subspace
The subspace A H is a subalgebra and a subcomodule of A. We then say that
H ⊂ A is said to be H-Galois if A is faithfully flat as a left B-module and the linear map β :
is bijective. For a survey of Hopf Galois extensions, see [18, Chap. 8] .
Example 1.1. The group algebra H = k[G] of a group G is a Hopf algebra with coproduct, coünit, and antipode respectively given for all g ∈ G by
This is a pointed Hopf algebra. It is well known (see [7, Lemma 4.8] ) that an H-comodule algebra A is the same as a G-graded algebra
The coaction δ : A → A ⊗ H is given by δ(a) = a ⊗ g for a ∈ A g and g ∈ G. We have A H = A e , where e is the neutral element of G. Such a algebra is an H-Galois extension of A e if and only if the product induces isomorphisms 
The set CGal H (B) is also a contravariant functor in H (see [14, Prop. 1.3] ), but we will not make use of this fact here.
Recall that principal fiber bundles are classified as follows: there is a principal G-bundle EG → BG, called the universal G-bundle such that any principal Gbundle X → Y is obtained from pulling back the universal one along a continuous map f : Y → BG, which is unique up to homotopy.
By analogy, a (uni)versal H-Galois extension would be a central H-Galois extension B H ⊂ A H such that for any commutative algebra B and any central H-Galois extension A of B there is a (unique) morphism of algebras f :
In other words, the map
would be surjective (bijective). We have no idea if such (uni)versal H-Galois extensions exist for general Hopf algebras.
In the sequel, we shall only consider the case where B = k and the H-Galois extensions of k are cleft. Such extensions coincide with the twisted algebras α H introduced in the next section. To such an H-Galois extension we shall associate a central H-Galois extension B α H ⊂ A α H , such that the functor Alg(B α H , −) parametrizes the "forms" of α H. In this way we obtain an H-Galois extension that is versal for a family of H-Galois extensions close to α H in some appropriaté etale-like Grothendieck topology.
Twisted algebras
The definition of the twisted algebras α H uses the concept of a cocycle, which we now recall.
Cocycles.
Let H be a Hopf algebra and B a commutative algebra. We use the following terminology. A bilinear map α :
for all x, y, z ∈ H. In the literature, what we call a cocycle is often referred to as a "left 2-cocycle." A bilinear map α : H × H → B is said to be normalized if
Two cocycles α, β : H × H → B are said to be cohomologous if there is an invertible linear map λ : H → B such that
for all x, y ∈ H. Here "invertible" means invertible with respect to the convolution product and λ −1 : H → B denotes the inverse of λ. We write α ∼ β if α, β are cohomologous cocycles. The relation ∼ is an equivalence relation on the set of cocycles of H with values in B.
Twisted product.
Let H be a Hopf algebra, B a commutative algebra, and α : H × H → B be a normalized cocycle with values in B. From now on, all cocycles are assumed to be invertible with respect to the convolution product.
Let u H be a copy of the underlying vector space of H. Denote the identity map from
We define the twisted algebra B ⊗ α H as the vector space B ⊗ u H equipped with the associative product given by
for all b, c ∈ B and x, y ∈ H. Since α is a normalized cocycle,
The subalgebra of coïnvariants of B ⊗ α H coincides with B ⊗ u 1 . Using (2.1) and (2.3), it is easy to check that this subalgebra lies in the center of B ⊗ α H. It is well known that each twisted algebra B⊗ α H is a central H-Galois extension of B. Actually, the class of twisted algebra coincides with the class of so-called central cleft H-Galois extensions; see [6] , [9] , [18, Prop. 7.2.3 ].
An important special case of this construction occurs when B = k is the ground field and α : H × H → k is a cocycle of H with values in k. In this case, we simply call α a cocycle of H. Then the twisted algebra k ⊗ α H, which we henceforth denote by α H, coincides with u H equipped with the associative product
for all x, y ∈ H. The twisted algebras of the form α H coincide with the so-called cleft H-Galois objects, which are the cleft H-Galois extensions of the ground field k. We point out that for certain Hopf algebras H all H-Galois objects are cleft, e.g., if H is finite-dimensional or is a pointed Hopf algebra.
When
is the Hopf algebra of a group as in Example 1.1, then a G-graded algebra A = g∈G A g is an H-Galois object if and only if A g A h = A gh for all g, h ∈ G and dim A g = 1 for all g ∈ G. Such an H-extension is cleft and thus isomorphic to α H for some normalized invertible cocycle α.
Isomorphisms of twisted algebras.
By [6, 8] there is an isomorphism of H-comodule algebras between the twisted algebras α H and β H if and only if the cocycles α and β are cohomologous in the sense of (2.2). It follows that the set of isomorphism classes of cleft H-Galois objects is in bijection with the set of cohomology classes of invertible cocycles of H.
When the Hopf algebra H is cocommutative, then the convolution product of two cocycles is a cocycle and the set of cohomology classes of invertible cocycles of H is a group. This applies to the case H = k[G]; in this case the group of cohomology classes of invertible cocycles of k[G] is isomorphic to the cohomology group H 2 (G, k × ) of the group G with values in the group k × of invertible elements of k.
In general, the convolution product of two cocycles is not a cocycle and thus the set of cohomology classes of invertible cocycles is not a group. One of the raisons d'être of the constructions presented here and in [2] lies in the lack of a suitable cohomology group governing the situation. We come up instead with the generic Galois extension defined below.
The generic cocycle
Let H be a Hopf algebra and α : H × H → k an invertible normalized cocycle.
3.1. The cocycle σ. Our first aim is to construct a "generic" cocycle of H that is cohomologous to α.
We start from the equation (2.2)
expressing that a cocycle β is cohomologous to α, and the equation
expressing that the linear form λ is invertible with inverse λ −1 . To obtain the generic cocycle, we proceed to mimic (2.2), replacing the scalars λ(x), λ −1 (x) respectively by symbols t x , t −1
x satisfying (3.1). Let us give a meaning to the symbols t x , t −1
x . To this end we pick another copy t H of the underlying vector space of H and denote the identity map from H to t H by x → t x (x ∈ H).
Let S(t H ) be the symmetric algebra over the vector space t H . If {x i } i∈I is a basis of H, then S(t H ) is isomorphic to the polynomial algebra over the indeterminates {t xi } i∈I .
By [2, Lemma A.1] there is a unique linear map x → t −1
x from H to the field of fractions Frac S(t H ) of S(t H ) such that for all x ∈ H,
Equation (3.2) is the symbolic counterpart of (3.1).
Mimicking (2.2), we define a bilinear map
with values in the field of fractions Frac S(t H ) by the formula
for all x, y ∈ H. The bilinear map σ is a cocycle of H with values in Frac S(t H ); by definition, it is cohomologous to α. We call σ the generic cocycle attached to α. The cocycle α being invertible, so is σ, with inverse σ −1 given for all x, y ∈ H by
, where α −1 is the inverse of α. In the case where H = k[G] is the Hopf algebra of a group, the generic cocycle and its inverse have the following simple expressions: We take α to be the trivial cocycle, i.e., α(g, h) = 1 for all g, h ∈ Z (this is no restriction since H 2 (Z, k × ) = 0). In this case the symmetric algebra S(t H ) coincides with the polynomial algebra k[t m | m ∈ Z]. Set y m = t m /t m 1 for each m ∈ Z. We have y 1 = 1 and y 0 = t 0 .
By (3.5), the generic cocycle is given by
for all m, n ∈ Z. This can be reformulated as
The inverse of σ is given by
A simple computation yields the following expressions of y m in the values of σ and σ −1 :
It follows that the elements y ±1 m belong to B α H for all m ∈ Z − {1} and generate this algebra. It is easy to check that the family (y m ) m =1 is algebraically independent, so that B α H is the Laurent polynomial algebra 
The Sweedler algebra
We now illustrate the constructions of Section 3 on Sweedler's four-dimensional Hopf algebra. We assume in this section that the characteristic of the ground field k is different from 2.
The Sweedler algebra H 4 is the algebra generated by two elements x, y subject to the relations
It is four-dimensional. As a basis of H 4 we take the set {1, x, y, z}, where z = xy.
The algebra H 4 carries the structure of a Hopf algebra with coproduct, coünit, and antipode given by
By definition, the symbols t x and t −1
x satisfy the equations
Hence,
Masuoka [15] showed that any cleft H 4 -Galois object has, up to isomorphism, the following presentation: The generic cocycle σ attached to α has the following values: 
, then we can reformulate the above (nonzero) values of σ as follows:
From the previous equalities we conclude that E ±1 , R ±1 , S, T , U belong to B 
where
It follows from the previous theorem that the algebra morphisms from B α H4
to a field K containing k are in one-to-one correspondence with the quintuples (e, r, s, t, u) ∈ K 5 verifying e = 0, r = 0, and the equation
In other words, the set of K-points of B α H4 is the hypersurface of equation (4.2
The generic Galois extension
As in Section 3, we consider a Hopf algebra H and an invertible normalized cocycle α : H × H → k. Let α H be the corresponding twisted algebra. 
The algebra
We call A 
We now state two theorems relating forms of α H to central specializations of the generic Galois extension A 
Here K χ stands for K equipped with the B α H -module structure induced by the algebra morphism χ :
There is a converse to Theorem 5.2; it requires an additional condition.
is a surjection from the set of algebra morphisms B 
The integrality condition
In view of Theorem 5.3 it is natural to ask the following question. Theorem 6.2. Let H be a Hopf algebra generated as an algebra by a set Σ of grouplike and skew-primitive elements such that the grouplike elements of Σ are of finite order and generate the group of grouplike elements of H and such that each skew-primitive element of Σ generates a finite-dimensional subalgebra of H. Then Frac S(t H ) is integral over the subalgebra B α H for every cocycle α of H. Theorem 6.2 implies a positive answer to Question 6.1 for any finite-dimensional Hopf algebra generated by grouplike and skew-primitive elements. It is conjectured that all finite-dimensional pointed Hopf algebras are generated by grouplike and skew-primitive elements; if this conjecture holds, then Question 6.1 has a positive answer for any finite-dimensional Hopf algebra that is pointed.
Recall that g ∈ H is grouplike if ∆(g) = g ⊗ g; it then follows that ε(g) = 1. The inverse of a grouplike element and the product of two grouplike elements are grouplike. An element x ∈ H is skew-primitive if
for some grouplike elements g, h ∈ H; this implies ε(x) = 0. The product of a skew-primitive element by a grouplike element is skew-primitive. In order to prove Theorem 6.2, we need the following lemma.
[n] are elements of H, then
Proof. We prove the formula by induction on n. When n = 2 it reduces to
Let us first prove (6.2). By (3.4) the right-hand side of (6.2) is equal to (x) ,(y)
Let us assume that Lemma 6.3 holds for all n-tuples of H and consider a sequence (x [1] , x [2] , . . . , x [n+1] ) of n + 1 elements of H. By the induction hypothesis and by (6.2) ,
is equal to
(1) x [2] (1) ) · · · x
[n]
(1) , x
(n−1) x [2] (n−1) , x [3] (
(n−1) x [2] (n−1) , x [3] (n−1) ) σ
, which is the desired formula for n + 1 elements.
Proof of Theorem 6.2. Let A be the integral closure of B α H in Frac S(t H ). To prove the theorem it suffices to establish that each generator t z of S(t H ) belongs to A.
We start with the unit of H. By [2, Lemma 5.1], t 1 = σ(1, 1). Thus t 1 belongs to B α H , hence to A. Let g be a grouplike element of the generating set Σ. By hypothesis, there is an integer n ≥ 2 such that g n = 1. We apply Lemma 6.3 to
where the right-hand side is the tensor product of p copies of g, we obtain
Since the values of an invertible cocycle on grouplike elements are invertible elements, since t g n = t 1 , and since σ −1 (g, h) = 1/σ(g, h) for all grouplike elements g, h, Formula (6.4) implies
The right-hand side belongs to B α H . It follows that t g is in A for each grouplike element of Σ.
Since the grouplike elements of Σ are of finite order and generate the group of grouplike elements of H, any grouplike element g of H is a product g = g [1] · · · g [n] of grouplike elements of Σ for which we have just established that t g [1] , . . . , t g [n] belong to A. It then follows from Lemma 6.3 and (6.3) that
where κ(g [1] , . . . , g [n] ) is the invertible element of B α H given by
σ(g [1] g [2] · · · g [n−1] , g [n] ) σ(g [1] g [2] · · · g [n−2] , g [n−1] ) · · · σ(g [1] , g [2] ) .
Therefore, t g ∈ A for every grouplike element of H. We next show that t x belongs to A for every skew-primitive element x of Σ. It is easy to check that if x satisfies (6.1), then for all p ≥ 2,
Thus the iterated coproduct of any skew-primitive element x is a sum of tensor product of elements, all of which are grouplike, except for exactly one, which is x. It then follows from Lemma 6.3 and (6.5) that for each n ≥ 1 the element t x n is a linear combination with coefficients in B α H of monomials of the form t g1 t g2 · · · t gn−p t p x , where 0 ≤ p ≤ n and g 1 , . . . , g n−p are grouplike elements. It is easily checked that in this linear combination there is a unique monomial of the form t n x whose coefficient is the invertible element of B α H σ −1 (g n−1 , g) σ −1 (g n−2 , g) · · · σ −1 (g, g) α(h, h) · · · α(h n−2 , h) α(h n−1 , h) .
Since t g belongs to A for any grouplike element g ∈ H, it follows that, for all n ≥ 1, the element t x n is a polynomial of degree n in t x with coefficients in A. By hypothesis, there are scalars λ 1 , . . . , λ n−1 , λ n ∈ k for some positive integer n such that x n + λ 1 x n−1 + · · · + λ n−1 x + λ n = 0 .
Therefore, t x satisfies a degree n polynomial equation with coefficients in the integral closure A and with highest-degree coefficient equal to 1. This proves that t x ∈ A.
To complete the proof, it suffices to check that t z belongs to A for any product z of grouplike or skew-primitive elements x [1] , . . . , x [n] such that t x [1] , . . . , t x [n] belong to A. It follows from Lemma 6.3, (6.3), and (6.5) that t z is a linear combination with coefficients in B α H of products of the variables t x [1] , . . . , t x [n] and of variables of the form t g , where g is grouplike. Since these monomials belong to A, so does t z .
How to construct elements of B α H
In the example considered in Section 4 we reformulated the values of the generic cocycle in terms of certain rational fractions E, R, S, T , U . The aim of this last section is to explain how we found these fractions by presenting a general systematic way of producing elements of B α H for an arbitrary Hopf algebra. To this end we introduce a new set of symbols.
7.1. The symbols X x . Let H be a Hopf algebra and X H a copy of the underlying vector space of H; we denote the identity map from H to X H by x → X x for all x ∈ H.
Consider the tensor algebra T (X H ) of the vector space X H over the ground field k:
If {x i } i∈I is a basis of H, then T (X H ) is the free noncommutative algebra over the set of indeterminates {X xi } i∈I . The algebra T (X H ) is an H-comodule algebra equipped with the coaction δ : T (X H ) → T (X H ) ⊗ H given for all x ∈ H by (7.1) δ(X x ) = (x) 
